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0. Introduction 

The notion of quantum cohomology was first proposed by Witten [Va, Wi], based on 
topological field theory. Its mathematical theory was only established recently by Y. 
Ruan and the second named author [RT, Ru] , where they proved the existence of the 
quantum rings on semi-positive symplectic manifolds. (Fano manifolds are particular 
semi-positive manifolds.) In this note, we will provide a purely algebro-geometric proof 
to the existence of quantum cohomology rings for a special class of manifolds already 
treated there, namely homogeneous manifolds. By using algebro-geometric approach, 
we can prove the existence of quantum cohomology of homogeneous varieties defined 
over any algebraically closed field. This should be useful in enumerative geometry. We 
believe the approach here can be applied to a larger class of algebraic varieties, such 
as toric varieties. 

Let X he a d-dimensional smooth variety. To construct its quantum cohomology of 
X, one needs to define a class of enumerative invariants, which is the Gromov- Witten 
invariants when X is a complex variety. Let T,g be the smooth curve of genus g with 
marked points xi, • • • ,Xn £ Sg, let B E AiX/ ~aig and let Mor(Sg,i?) be the moduli 
scheme of morphisms f'-'^g X satisfying [/(S^)] G B. For any cohomology classes 
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Typeset by yVW^-TfeX 



ai, • ■ ■ ,an G A*X whose Poincare duals are represented by subvarieties Yi, • • • ,Yj C 
X, the enumerative invariant ^{B,g) is defined as 

(0.1) #(B,g)(Q!i,--- = ^m(A,/) 

feA 

when dim A = and is zero otherwise, where A is the scheme 

A = {/GMor(S<,,S) I fixi)eY,} 

and m(A, /) is the multipHcity of A at /. Clearly, ^{B,g) is symmetric. By Riemann- 
Roch theorem, (0.1) should be non-trivial only when 

n 

(0.2) ^codimYi-cr{X)-B + d{l- g) = Q, 

since its left hand side is the expected dimension of A. 

For the moment, let us assume the enumerative invariant ^{B,g) has been defined for 
all possible {g,B,ai, - ■ ■ , an). Then they should obey a simple composition law [RT]: 
Assume that the dual of the diagonal cycle A C X x X has the following Kunneth 
decomposition 

1=1 

(via obvious inclusion A*X x A*X C A*{X x X)), then for any partition g = gi + g2 
with gi,g2>0 and ni lies between max(0, 2 — 2gi) and min(n, n + 2g2 — 2), 

^(B,g)(ai, ■■■ ,an) = ^ <P(^Bi,gi){Cl,Oil,- ■ ■ , ) " ^^(Ba ,92) (0 , «ni + 1 , ' " " ,"«). 

B=Bi+B2 
l<l<p 

The invariants ^(b.q) ^ire used to define a new ring structure on A*X, called the 
quantum ring, whose importance in enumerative geometry is yet to be realized. This 
in part is due to the lack of rigorous algebraic definition, except the case treated in 
[CM, Be] and this note. 

This new ring structure on A*X is defined as follows: We first form a formal infinite 
series _ 

^(a,/?,7) = Yl ^(B,o)(a,A7)e-*('=^(^)-^\ 

where a,/3,7 G A*X and (ci(X) . B) is the the degree of ci{X){B) G AqX. Then we 
define a new product 

Xq : A*X X A*X — >A*X 
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by the rule 



p _ 
1=1 

This product gives rise to a ring structure (the only non-trivial part is to check its 
associativity) that follows immediately from the composition law above. It is worth 
mentioning that some enumerative problems, say counting curves in Fano varieties, can 
be worked out by using the homomorphism '^(B,g) once the composition law is estab- 
lished. As Witten pointed out, a simple corollary of composition law is the associativity 
law for rational curves. For instance, assuming the associativity law, Kontsevich cal- 
culated the number of degree d rational curves in CP^ through 3d — 1 generic points. 
One can also deduce an explicit formula for counting rational curves in P" by using 
the associativity law for rational curves [KM, RT]. 

There are several issues that need to be addressed before this set of invariants can 
be defined. First, A has to be discrete under (0.2) in order to make sense of (0.1), 
at least not appealing to the excessive intersection theory. Usually, this rarely hap- 
pens even after moving y^'s to general positions (there are limitations in "moving" 
subvarieties). In [RT], this difficulty was overcome by replacing / with solutions of the 
Cauchy-Riemann equation with respect to a generic almost complex structure on X. 
In this note, we choose to avoid this difficulty by restricting ourselves to the case where 
g = and X is a homogeneous variety (strictly speaking we will only consider those 
homogeneous varieties whose tangent bundles are generated by global sections), since 
then the space of morphisms Mor(So, B) is smooth everywhere and the variety Yi can 
be made in a general position after translation via a cr G G [Kl] . Another issue is that 
the space Mor(So,i?) is never proper. This can be dealt easily with for homogeneous 
variety by using non-proper intersection [Fu, §10.2]. The main input of this note is the 
construction of a degeneration of Mor(So, B) upon which the composition law follows 
immediately. 

Before sketching the construction of this degeneration, let us first state the main 
theorem of this paper. In the following, for any variety X we denote by (A^X) A^X 
the birational (co)homology group of X [Fu, §17.3]. In case cr is a transformation of X, 
then we denote by Y" the translation (j{Y) C X. We denote by S the smooth rational 
curve. 



Definition-Theorem 0.1. Let K = K be an algebraic closed filed and let X = G/P 
be a d- dimensional smooth projective variety over K that is a quotient of a linear 
algebraic group G by a closed subgroup P. Then for any B G AiX/ ~aig; there is a 
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(group) homomorphism 



I •) : YIA*X X Yl — > Z 



of which the following holds: Let ai € A'^^X, i = I,-- - ,n, and (3j E A^^ X , j 
I . ■ ■ ■ , m, be any cohomology classes. Then (ai, • • • , a„ | • • • , /3m) = unless 

n m 

+ ^ei = ci{X) ■ B + d + m. 
i=i j=i 

In this case if we further assume the Poincare dual of ai (resp. /3j) are represented 
by subvariety Yi C X (resp. Zj Q X), then for general zi,--- ,Zn G S and general 

feA 



where A is the scheme 
(0.3) A=lif,w^,-- - ,Wr. 



f G Mor(S, B), wi,--- ,Wm eY. 



f{zi) G F/', 1 < i < n; f{wj) G Z'\ 1 < j < m. 



(^i/iai is discrete) and m{A,f) is the multiplicity of A at f. 

Here by a property holds for general zi, - ■ ■ , Zn G S and ai, - ■ ■ , a„ E G we mean 
that there is a dense open sebset U C. T,'^ x such that the property holds for all 
(zi,--- ,Zn,cri,--- ,cr„) in U. 

Theorem 0.2. Let the notation be as in definition-theorem 0.1. Then the enumerative 
invariant <Pb satisfies the following composition law: Let n = ni + n2, ni,n2 > 2, be 
any partition and let [A]^ = Yl^=i Ci ^ be the Runneth decomposition^ of the Poincare 
dual of the diagonal A C X x X , then 

^B{ai,--- ,Oin \ Pi,-- - ,f3m) 

k\{m-ky. '^^i^^'' '"'"I l/^r(l),--- ,Oir{k)) 

B=BT^+B2,TeS{m) 
l<l<p,0<k<m 

■ ^B2(0)«ni+l5 • • • ,"n I 0T{k+l), ■ ■ ■ >/?r(m))- 



^It is shown in [FMS^] that such decompositions always exist for the cleiss of varieties considered 
in this paper. 
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Here S{m) is the group of permutations of {1, ■ ■ ■ ,m}. 

For any smooth Fano variety Y. Ruan and the second named author defined the 
mixed quantum invariant 

n m 

: n H.{X, X J] H,{X, Z) Z, 

where B' G H2{X), by analytic method. The homomorphism defined in this paper is 
compatible to <?^™ for the class of varieties considered in this paper. 

Theorem 0.3. Let X be any smooth complex projective variety acted on transitively 
by a linear algebraic group and let 

H:APX^H2piX,Z) 

be the homomorphism that is the composition of the Poincare dual A^X — >■ ApX and the 
cycle map cl:ApX — >■ H2p{X) [Fu, %9.1]. Then for any ai, • • • ,an,Pi, ■ ■ ■ ,Pm £ A*X, 

#B(ai,--- ,«„ I - ,Prn) =^|^™(a*(Q;i),--- ,/^(Q!n) | H{Pl),--- , l^{Pm)) , 

where B' = cl{B). 

Remark. In general, even when <Pb can be defined as the degree of a 0-cycle (as in 
(0.3)), it is not obvious that it will coincide with^^,^ , originally defined as a symplectic 
invariant. 

Now we sketch the proof of Theorem 0.2. For simplicity, we will consider the case 
m = 0. After identifying / G Mor(S, with its graph Fj C S x X, we can embed 
Mor(S, B) as a dense open subset in Wb that consists of subschemes C C E x X 
satisfying 

dimC = l,x(Oc) = 1, \pxiC)] G B and deg((:7,p|,Os(l)) = 1, 

where and px are projections from S x X to its factors. (Strictly speaking, Wb is 
the closure of Mor(S, B) in the respective Hilbert scheme.) Wb is smooth at Mor(S, B) 
since TX is generated by global sections by our assumption on P C G. Let be the 
universal family and let be the Cartesian product of n copies of Cb over Wb- For 
any z e T, and subvariety y C X, we can define an incidence subscheme 

(0.4) A,{z,Y) = i{C,x,,--- ,xn) J^^' ^i'--- 'f"f ^' 1. 

^ ^ ^ ' ^ 1^ ' ' ' ^ pj:{xi) = z and px{xi)eYij 
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By using the general position theorem for homogeneous varieties (see Lemma 2.3), 
for any Yi, • • • ,Yn CI X satisfying ^codimyi = ci{X) ■ B + d, we can find general 
zi,- " ■>Zn € 5] and general ui , • • • , (T„ G G such that the translations Y"^ of are in 
general position in the sense that 

n 

(0.5) fl Ki{zi, F/*) C Mor(S, B) C Wb 

i=l 

and is discrete and Cohen-Macaulay. Thus #b([Fi]^, • • • , [5^]^) can be defined as the 
degree of the zero cycle (0.5). 

To establish the composition law, we need to construct a degeneration of Wb- We 
take a simple minded approach: Let G F be a smooth curve as a parameter space 
and let Z be the blowing-up of S x F at a point over & V. Z is a degeneration of 
S into a nodal curve that has two components, say Si and S2. We let Wb be the 
relative Hilbert scheme of one dimensional subschemes C C Z x X obeying constrains 
similar to that of Wb and let Cb and be the universal family and the product of 
this family over Wb as Cb and do (see §3 for details). Again, for any section z of 
Z ^ V and subvariety Y C X, we can define an incidence subscheme Aj(z, F) C 
as 

Ai{z,Y) = l{S,si,--- ,Sn)eC^ SeWB, si,--- g^, 1 

^ ' ^ \^ ' ' ' ^ ^ pz{si) € z and pxisi) €Y j 

Now let zi , • • • ,Znhen sections of Z ^ V oi which the first ni sections passing through 
the component Si C Zq and the remainder passing through S2 C Zq. Since both S 
and X are homogeneous, for the Yi, ■■■ ,Yn C X as before, we can choose Zi and ai E G 
general so that the intersection 

n 

(0.6) f]~Ai{z,,Yp)cC^ 

i=l 

is flat, finite and Cohen-Macaulay over V at E V. Hence 

n 

(0.7) ^Bmw • • • , [Y^D = deg((n Mz^,Yn) n^s,*) 

i=l 

for all i G y near 0, where ^ is the fiber of over t E V. Now it is straight 
forward to check that the points of the intersection in (0.6) over Q £ V are pairs of 
morphisms /i, /2 : S A satisfying properties resemble that of (0.5). Thus (0.7) can 
be counted based on intersection of incidence schemes in C^^ x C^^ , where Bi and B2 
runs through all possible Bi + B2 = B. This line of argument eventually will lead to 
the proof of the composition law as stated in theorem 0.2. 
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We should say one word about the assumption on the closedness of P C G. When 
chari^" = 0, it is equivalent to assuming G is a linear algebraic group acted on transi- 
tively on a smooth projective X. In case char K > 0, this condition can be relaxed by 
in addition to the previous assumption on G and X, we require that for any morphism 
f:T.^X f*Tx <S) Cs(l) is ample. This wih ensure the smoothness of Mot{T,,B) that 
is all we need in proving the composition law. 

While this paper was in writing, A. Bertram [Be] and B. Grander and R. Miranda 
[CM] have finished their works attacking the same problem for some classes of va- 
rieties by algebraic approach. In [Be], A. Bertram established the composition law 
for all Grassmannians by generalizing the classical Giambelli and Pieri's formulas. B. 
Grander and R. Miranda in [GM] studied the quantum rings of rational surfaces in 
detail, establishing the composition law in the mean time. (I. Giocan-Fontanine has 
informed us that he has constructed the quantum cohomology rings of flag varieties 
using algebraic geometry.) We feel that the current approach is more direct, and hope- 
fully can be modified to prove the composition law for all smooth Fano varieties, after 
their enumerative invariants have been defined appropriately. 

Most part of this work was completed while the second author was visiting Stanford 
University in early 1994, for which he is grateful to the host for prviding a wonderful 
environment. We also like to thank W. Fulton for helpful conversation and advice. 

The layout of this paper is as follows: In §1, we will give the definition of the the enu- 
merative invariants for projective varieties. §2 concerns rational curves in homogeneous 
variety. Finally, we will prove the composition law in §3. 



1. The definition of the quantum invariants 

In this section, we will first define the homomorphism (Pb by pure cohomological 
calculation on some auxiliary spaces. Then we will show that in the ideal situation, its 
value is exactly the intersection of some "geometrically defined" cycles in the space of 
morphisms from the rational curve S to X, as proposed by physicists. In the end, we 
will compare our definition with the Symplectic invariant defined in [RT]. 

We begin with some words on the convention that will be used throughout this 
paper. Let K = K he an algebraically closed field. Let X = G/P he a d-dimensional 
smooth projective variety and let S be the smooth rational curve, both defined over K. 
For any scheme Y, we denote by {A^Y) ApY the p-th (co)homology group of Y. By 
definition, any element a € A^Y is a collection of homomorphisms A^Y' A^-pY' , 
for all y — > y and all k, satisfying certain properties (see [Fu]). Let ps and px he 
projections from S x X to S and X respectively. 
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We first embed the scheme Mor(5], B) into some projective scheme, since the former 
usually is not complete. The way we treat this problem is to embed it into the Hilbert 
scheme of subschemes of S x X by identifying a morphism with its graph. For any 
B G AiX/ ~aig) we form the Hilbert scheme Hb of subschemes C C S x X satisfying 
the following constrains: 

(1.1) dimC = 1, xiOc) = 1, bs(C)] G B and deg(C,p|:(0s(l)) = 1- 

By definition, each point of Hb corresponds to a complete 1-dimensional subscheme 
C C S X X, which in the sequel will be denoted by C G Hb- Let (ps : C ^ S and 
fx :C ^ X he morphisms induced by projections and px- When C is irreducible, 
deg{C,(f^{Oj:{l)) = 1 imphes that at general points, C is reduced and ips : C ^ H 
is one-one. Then because xi^c) = I, (ps is an isomorphism. Hence C gives rise to a 
morphism 

fc = fx of^^ ■■'^ — > X 

with [/c(S)] G B. Also, by Riemann-Roch theorem, the expected dimension of Hb at 
C is 

(1.2) p{B) = ci{X) ■ B + d. 

Now let Mor(S, B) be the moduli scheme of morphisms / : S — > X with /*([S]) G B. 
By identifying / with its graph Tf C S x X, we obtain an open immersion Mor(S, B) C 
Hb- We let Wb be the image of Mor(S, B) and let Wb be the scheme theoretic closure 
of Wb C Hb- Note that Wb C Hb is the open subset of points whose corresponding 
subschemes C C E x X are irreducible. 

For technical reason, in the remainder of this section we will assume Wb has pure 
dimension p{B), which is the case when X is homogeneous. Let Cb C S x X x Wb be 
the universal family, flat over Wb, and let C^"'"'" be the Cartesian product 

(jn+m _ Xwb ■ ■ ■ XvFb ^b, 

^ V ' 

n+m copies 

where n, m > 0. Note that dim (7]^+™ = p{B) + n + m and points of C^"^™' are tuples 
(C, xi, - ■ ■ , Xn+m) with C G Wb and Xi G C. We let tTj : C^"'"'" Cb be the projection 
onto the i-th copy and let tTje = Ps o tTj and TTjx = Px °T^i be compositions. We next 
define a projection 

(1.3) pn\m.^n+m ,(5]xX)"xX"' 

that is the product 

n m 



By letting eo G A^S be the Poincare dual of a point in S, we get an inclusion 

n m 

(1.4) JJyl*XxJJ^*X — ^ A*{(J:xXyxX"') 
i=l j=l 

that sends 

i=i j=i 

to (n" eo X ai) X (H"" We then define 

n m 

(1.5) ^b{-\-)-'[IA*Xx'[IA''X ^A*C^-^"' 

be the homomorphism that is the composition of the inclusion (1.4) with the pull-back 
(P"l™)*. Alternatively, ^'s can be defined as 

n m 

*b(q;i,--- ,Oin\(3l,--- ,(3m) = (U ^iS^O U(U ^n+jxl^i), 

1=1 j=l 

where U is the cup-product. By the definition of cohomology theory, 
(1-6) *B(ai,---,a„|/3i,---,/3„)([C^+'"]) 

is an element in A* (7^+™, where [Cg"^'"] G A^C'^'^"' is the fundamental class. We then 
define 

n m 

(1.7) ^b(- I •) : n^*^ ^ n^*^ — 

i=i j=i 

to be the degree of the component of (1.6) in AqC'^'^^. Namely, 

^b(q!i,-- - ,a„ I /?!,••• ,/?„) = deg(^^'B(ai,--- ,a„ | - , ^m)([C2+"'])[o]) • 

(1>B will be the homomorphism mentioned in Definition-Theorem 0.1. (The enumerative 
invariant for g > 1 can be defined similarly except that we know no interesting examples 
where Mor(Sg, B) has the expected dimension, besides g = I and X = P".) 

In the remainder of this section, we shall use the Poincare duality to express the 
values of (1.7) as intersections of cycles in C^"*"™. Let ai,l3j £ A*X he the cohomology 
classes as before. Since #b is a homomorphism, it suffices to examine the value of 
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on those classes whose Poincare duals can be represented by subvarieties of X. 
Let Yi , • • • ,Yn C X and Zi, - ■ ■ , Zm CI X be subvarieties whose Poincare duals are 
,«„ and /3i, • • • ,/3m respectively. (By this we mean ai is the Poincare dual of 
the cycle [1^] and likewise for Pj.) For 2:1, ■ • • , G S, we consider the subscheme 

n m 

(1.8) Y=(j[{z,}xY^ X (n^,) C (SxX)"xX- 

i=i j=i 

and the subscheme 

(1.9) lntB{z.,Y.,Z.} = (P"I"')"\f) C 

A moment of thought tells us that closed points of this set are tuples 

(C,xi,-- - ,Xn+m), where xi,--- ,Xn+m e C, 
such that p^{xi) = Zi and px{xi) G Yi for 1 < i < n and ^?x(iCn+j) G -^j for 1 < j < m. 

Definition 1.1. We say the scheme Wb is good ifWs is a purely p{B)- dimensional 
scheme and we say the collection {z.,Y,Z.} is generic (with respect to Wb) if in ad- 
dition to Wb being good there is a dense open subset 

U C IntB{z.,Y.,Z.} 

such that 

(1) U is contained in 'k~^{W^), where 7r:C^'^"^ — > Wb is the projection; 

(2) U has pure dimension p{B) + m — codim li + codim Zj) and 

(3) U is Cohen-Macaulay (smooth when charK = Q). 

When Wb is good, {z.,Y.,Z.} is generic and 

dim (72+™- = ^ codim + ^ codim Zj + n, 

then the following theorem states that ^b{o(i, ■ ■ ■ ,ctn \ Pi, - " ■> Pm) is the length (the 
number of points when char = 0) of the finite scheme 

lntB{z.,Y,Z.}. 

(The length of a finite scheme is the length of its coordinate ring as i^-module.) 
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Theorem 1.2. Let cui,--- , a„ and /3i,--- , (3m G be cohomology classes whose 

Poincare duals are represented by subvarieties Yi, • • • ,Yn and Zi, - ■ ■ , Zm ^ X respec- 
tively. Let B G AiX/ ~aig- Assume Wb is good, the collection {z.,Y.,Z.} is generic 
and 

n m 

codim Yi + ^ codim = p{B) + m, 

then 

(Q!i,-- - I - = length{IntB{z.,Y.,Z.}) . 
When charK = 0, then it is #(A), where A is as in Definition- Theorem 0.1. 

Proof. The first part follows directly from the formal properties of A*X and the 
Poincare duality [Fu,§17.4]: Let Y be the subvariety in (1.8). Since the Poincare dual 

[y]^ is 

n m 

(n^oxa,) X (n/3,) G A*((SxX)"xX-), 

i=l i=l 

•^^(ai,-- - ,a„ I - ,/3„) = (P"l'")*([y]^). By assumption, is con- 

tained in 7r~^(WQ) and has codimension equal to the codimension of Y. Hence by 
[Fu,§17.4 and §8.3], 

and its degree is the length of (F), because it is Cohen-Macaulay. This proves 

the first part of theorem. Next we assume 

^pn\m^ (y) is smooth. Then its length 
is just the number of points in it. However, elements {C,Xi, ■ ■ ■ in C^"*""* is in 

(P"!™) ^(y) if and only if ps(a^j) = Zi and px{xi) EYi for i <n and px{xn+j) G Zj 
for j < m. Thus Int^jz., y , Z.} is isomorphic to A as sets. Therefore, the length of 
Intsl^., y, Z.} is equal to #(A), since it is smooth. This completes the proof of the 
theorem. □ 

Corollary 1.3. Let the notation he as in theorem 1.2 except that K is the field of 
complex numbers. Then 

$B{ai,--- ,an \ Pi,--- ,Pm) = ■ • • ,M("n) | l^iPl),--- , KPm)) , 

where /x : A^X H2p{X) is the map defined in Theorem 0.3 and is the mixed 

quantum invariants defined in [RTJ. 
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Proof. Let Jj), t G [0, 1], be a general (continuous) family of almost complex 

structures satisfying (X*°p, Jq) = X. We introduce 



At = < (/,W;i,--- ,«^m) 



/ : S — > X*°P is Jt-holomorphic; i/;!, • • • , Wm G S; 
/(zi) G Fi, 1 < i < n; f{wj) G Z^, 1 < j < m 



Since {z.,Y.,Z.} is generic, Aq = A is smooth. It is proved in [RT] that Utg[o,i]At is a 
corbordism between Aq and Ai. Therefore, 

#^|J"(//(q;i),-- - ,/x(q;„) |/x(/3i),--- ,M(/3m)) = deg(Ai) 

is exactly #(Ao), which is (Pb{(Xi,--- , ctn I i/^m) by Theorem 1.2. This com- 

pletes the proof of the corollary and Theorem 0.3. □ 



2. Rational curves in homogeneous manifolds 



In this section, we will collect some facts about rational curves in homogeneous 
varieties that are essential to the proof of the composition law. Some of these results 
are standard and can be found in literatures. For the convenience of the readers, we 
will state them in accordance with our application and will give reference or proof when 
necessary. 

We continue to use the notion developed in section 1. Namely, X = G/P is a smooth 
d-dimensional homogeneous variety, S is the smooth rational curve, B G y4iX/~aig and 
p{B) = ci{X) ■ B + d. As before, we let Hb be the Hilbert scheme of curves C C SxX 
satisfying (1.1) and let C Wb Q Hb be subsets defined after (1.2). We still denote 
by Pn and px the first and second projection of S x X and for curve C C S x X we 
denote by ifj: and (fx the induced morphism from C to S and X respectively. 

We begin with a quick review of smoothness criterion of Hilbert schemes. 

Lemma 2.1. Suppose G is a linear algebraic group over K and X = G/P with P C G 
closed. Then is a smooth quasi-projective scheme of pure dimension p{B). 

Proof. This is an easy consequence of deformation theory. Let w G be any point 
corresponding to the subscheme C C S x X. Since C is irreducible, C is a smooth 
rational curve. Then according to [Gr, p21], the the tangent space of at w is 

(2.1) ilom{lc/lh,Oc), 

where Ic is the ideal sheaf of (7 C SxX. Further is smooth at w if the obstruction 



(2.2) 



Exti(Jc/4,Oc) =0. 
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Since ipY. - C — > S is an isomorphism, Ic — (px^x- On the other hand, is generated 
by global sections since G is a linear algebraic group and P C G is closed [Sp, 5.2.3]. 
Therefore, (2.2) must be trivial. Finally, using Riemann-Roch theorem we calculate 
the dimension of (2.1) to be p{B), because of (2.2). This proves the lemma. □ 

We now use generic position result to show that for homogeneous variety the homo- 
morphism #b can be defined as in Definition-Theorem 0.1. 

Proposition 2.2. Let X and G he as in Lemma 2.1 and let B G AiX/ ~aig- Assume 
Yi , • • • ,Yn and Zi, - ■ ■ , C X are subvarieties satisfying 

n m 

codimYj + codiml^ = p{B) + m, 

i=l 3 = 1 

then for general 

{zi,--- ,^;„,cri,-- - ,o-„,ei,--- ,e„) G E^xG^xG™, 

the tuple {z.^Y!^ , ■ } is in generic position with respect to Wb as defined in Definition- 
Theorem 0.1. 

The tool we need in studying translations of subvarieties is the following general 
position result [Kl] . 

Lemma 2.3. Suppose a connected algebraic group H acts transitively on a variety W 
over K. Let f :Y ^ W , g : Z ^ W be morphisms of varieties Y , Z to W . For each 
point a in H , let Y" denote Y with the morphism a o f from Y to W . Then 

(1) for general a € G° , Y'^ x-^ Z is either empty or of pure dimension 

dim(y) + dim(Z) - dim(W), 

(2) ifY and Z are non-singular, and char{K) = (resp. char{K) > 0), then for 
general a £ G°, Y'^ Xw Z is non-singular (resp. Cohen- Macaulay). 

Note that (1) of the lemma applies to any scheme Y and Z if we replace of pure 
dimension by of dimension at most. Here for any scheme Y by dimension of Y we mean 
the maximum of the dimensions of its irreducible components. 

Proof of Proposition 2.2. Consider the projection 

pn\m . (jn+m , (SxX)"xX"^ 
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defined in (1.3) and the subvariety 

n m 

Y = (n{^'}x^r) X (n ^f) ^ (SxX)"xX-. 
1=1 j=l 

Since C Wb is dense, both have dimensions p{B), by lemma 2.1. Hence the 
dimension of C^"'"'" is the same as the codimension of y in (SxX)"xX'", by assumption 
on dimensions of Y^'s and Zj^s. However, (T,xX^"' xX'^ is acted on transitively by 
(PGL(2) X G)" X G'". Therefore, for general 

{zi,--- ,Zn,(Ji,--- ,o"n,ei,--- G S^xG^xG™, 

the scheme 

IntB{z.,y-,Zf}= (P"I'")-'(F) 

is discrete, is contained in t^~^(Wq) and is Cohen-Macaulay (smooth when char K = 0), 
by repeatedly applying Lemma 2.3. This shows that the tuple {z. , Y,'^ , } is in generic 
position with respect to Wb ■ □ 

Corollary 2.4. Let X be as in Lemma 2.1. Then for any B € A^Xj ~aig the enu- 
merative invariant 

n m 

<Pb{- I •) : YIA*X X A*X — 

i=i j=i 

can be defined as in Definition- Theorem 0.1 

Another smoothness criterion we need concerns the relative Hilbert scheme Wb 
mentioned in the introduction. The exact formulation of this scheme will be given 
in the next section. Here, we will prove a lemma that will be useful in studying its 
smoothness. Let G y be a smooth curve with uniformizing parameter t and let Z be 
a blowing-up of SxF along a point in Sx{0}. Z is a fiat family of curves over V. We 
denote its fiber over e V by Zq. 

Lemma 2.5. Let X = G/P be as in Lemma 2.1. Assume C C. Z x X is a curve 
contained in ZqxX that is isomorphic to Zq via projection pz'-ZxX ^ Z, 

(1) then E:>dc[lc/Ic, Oc) = 0, where Ic the ideal sheaf ofCQZxX; 

(2) For T2 C V, where T2 = Spec K[t]/{t'^), there is a flat deformation C2 of C 
contained in ZxX over T2 that makes the following diagram commutative and 
the left square a Cartesian product: 

C Q C2 Q ZxX 
G Ta C V. 
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Proof. Since (pzo '■ C ^ Zq induced by pz is an isomorphism, C is the graph of 
px o <fzo '■ ^ X . Hence if we let 'Ic be the ideal sheaf oi C Q Zq xX, then 'Ic is 
isomorphic to '/'x^x ^^'^ ^c/Ic belongs to the exact sequence 

^ 0c ^ Ic/Il 'Ic/'ll 0. 

Hence (1) follows because Extc('^c/'^C' ^<^) Extc(C'c, C^c) are trivial. 

Next we prove (2). Because C is a graph of Zq — > X, C is a local complete in- 
tersection. Hence locally C C Z x X can be extended to curves m. Z xX fiat over 

T2. By deformation theory (see for example [Gr, p21] or [Ko, §1.2]), the obstruction 
to the existence of such C2 lies in Ext ^ ('Ic / 'Z^-, Cc), which is trivial by the previous 
argument. This prove the second part of the lemma. □ 

We now state and prove our main technical lemma concerning the set of curves in 
ZqxX that intersect with a set of prescribed subvarieties. Here Zq as before is a nodal 
curve that is the union of two rational curves Si and S2 intersecting along xq ^ T,\ 
and yo S S2- We fix subvarieties Yi, • • • and Zi, - ■ ■ , Z,„ C X. For integer k and 
^ > 1, we define 7^^ to be the set of all reduced, connected curves C C ZqxX such 
that in addition to C being unions of exactly I rational curves, 

(2.3) deg(C,p^„Os.(l)) = deg(C,p|„6s.(l)) = 1, deg(C,p^(-i^x)) = k. 

Here 0Ei(1) is the invertible sheaf on Zo having degree 1 along Si and along 
S2, likewise for Os2(l)- Further, for fixed partition n = rii + n2, ni,n2 > 0, and 
X = (xi,--- G y = {yi,--- ,yn.^) G a = (ai,--- ,a-„) G and 

e = (ei, • • • , Em) G G™, we define 

T.I (rrA-lcGV^ ^ ^ X ^ VI < z < m; c n {%■} X Y^:iy ^ \ 

' ^ 1 Vl<i<n2; Cn(ZoxZ^'')/0Vl</i<m. J' 

Proposition 2.6. With the notation as before. Then for general {x, y, a, e) G S"^ x 

E^^ X G" X G"*, i/ie sei n{{a, e) safe/ies 

n m 

dim 7^^ (<7, e) < + d + m — (Z — 2) — codimx Yi — codim^ Zj . 

i=i j=i 

Corollary 2.7. Let X = G/P and Yi, • • • , Y^, Zi, - ■ ■ , Z^, C X 6e as before such that 

n m 

codim + codim = A; + d + m, 
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where k>l. Then for any partition n = ui + n2, there is a dense open subset 

such that for any {x, y, a,e) & U 

(1) 7^j,^(cT,e) = for all ko < k and I > 1; 

(2) nl\a, e) = for all I > 3; 

(3) TZl{a,e) is a finite set and further for any element C G i?|(o", e), Cfl (ZqxZJ^) 
is contained in the smooth locus of C and 

cn{Zox{z;i^nz;^-))=$ 

for allji ^j2. 

Before we prove this proposition, we need to study curves in SxX. We first consider 
the case where is a variety acted on transitively by a linear algebraic group H and 
Si, - ■ ■ ,Sh are subvarieties of W. Let be the set of degree k (calculated using ci{W)) 
reduced connected curves C Q X that are unions of exactly I rational curves and let 

(2.4) Sl{Si\ieA) = {CeSi\CnSi^<l)iovieA}, 

where A is the set {1, • • • , h}. 

Lemma 2.8. Let W and Si be as before. Then for general v = {vi, ■ ■ ■ ,Vh) € H'^, 
dimSi (5f I i e A) < + dim W - (/ + 2) - J]](codim5i - 1). 

Proof. We will prove the lemma by induction on I. We begin with Sl{Si | i G A). 
Let 

Z = {{x,C) \ CeSl, xeC^} 

be endowed with the obvious reduced scheme structure and let / : Z — ^ be the 
morphism that sends {x, C) to x E via C W^. Also, we let Y = HieA '^i 
let (jr:y — > W'^ the obvious inclusion. Note that acts transitively on W^. For any 
V = (f 1, • • • , Vfi) € H'^, any elements 

{{x,C),y) e Z 

satisfies Xi = Vi{yi) for all i G A, by the definition of Cartesian product. Hence 
Cr\Vi{Si) ^ and then C G Sl{S^' | i G A). Now let P:Z x^h Si be the map 

sending (^{x,C),y) to C. It is easy to see that 

Sl{S:^\ieA)=P{Zxw, Y-). 
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Finally, after applying Lemma 2.3 to morphism / and g, we conclude that for general 
V e H'^, the set Z x^rhY^ and then S^{Sj' | i G A) have dimensions at most 

dimZ + ^dim^i - hdimW = k + dimW - 3 - J]](codimS'i - 1). 

Here we have used the fact that dim<S^ < k + dimW — 3 that follows from Lemma 2.1. 
This proves the lemma for 1 = 1. 

Next, we prove the lemma for Z > 1. Let 1 < A;i < A; be any integer and let Ai C A 
be any subset. For v = {vi, - ■ ■ ,Vh) G H^, we consider the subset 

T(k^,A^,v) C Sl;\sr M G Ai) X SliSr \ieA2) 

that consists of pairs of curves (Ci, C2) such that Ci n C2 7^ and let 

r{ki,Auv)'> CT{kuAi,v) 

be the subset of those (Ci,C2) such that Ci and C2 share no common components. 
Here ^2 = A: - A:i , A2 = A - Ai and Sl'^ {S^' | i G Ai) and (5^* | i G A2) are defined 
as in (2.4). Let be the map 

J^:r(A;i,Ai,i;)0^4(5r | i G A) 

sending (Ci,C2) G T{ki,Ai,vf to Ci U C2. Clearly 

U T{T{ki,A,,vf)=Sl{S:UieA), 

l<fci<fe, AiCA 

since every element C G 5^(5*"^ | i G A) splits into Ci U C2 with Ci irreducible and C2 
connected. Hence to prove the lemma it suffices to show that for any choice of ki and 
Ai, 

(2.5) dimr(A;i,Ai,t;) < k + dimW - {I + 2) - ^(codimFi - 1) 

holds for general v G H^. 

Now we prove (2.5). Without loss of generality, we can assume Ai = {1, • • • ,r} and 
then A2 = {r + 1, ■ ■ ■ ,h}. By induction hypothesis, we can find a non-empty open 
subset Ui C such that ioi v' = {vi, ■ ■ ■ ,Vr) &Ui, 

r 

(2.6) dim<S[7^(5f | i < r) < fci + dimt^ - ((/ - 1) + 2) - J]](codim5i - 1). 

i=l 
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For similar reason, we can find a non-empty open subset U2 C iJ" such that for any 

h 

(2.7) dim Sl^{Si' I i > r + 1) < A;2 + dimH^ - (1 + 2) - ^ (codim^i - 1). 

i=r+l 

As before, we consider the set 

Zi = {{v', zi, Ci) I v' e Uu Ci G Sl-\S^' \ i<r) and zi e Ci} 

and fi'.Zi ^ W that is the map sending {v', zi,Ci) to zi. Similarly, we let Z2 be the 
set 

Z2 = {{v", Z2,C2) I v" G U2, C2 G Si {S^^ I z > r + 1) and Z2 G C2} 

and let f2-Z2 X he the map sending {v" , Z2, C2) to Z2- Since Zi and Z2 are finite 
unions of varieties (both endowed with reduced scheme structures) and /i and /2 are 
morphisms, we can apply Lemma 2.3 to conclude that there is a non-empty open subset 
H° CH such that for t eH°, 

dim Zl X\yZ2 < dim Zi + dim Z2 — dim W. 

Combined with (2.6) and (2.7), we obtain 

(2.8) dimZlxwZ2 < A; + dim W + ^dimiJ - (Z + 2) - J](codim5i - 1). 
Finally, let 

n : ZIXWZ2 47H^r \^<r)x 5^(5^ \ z > r + l) x H>^ 
be the map sending 

{{v',Zi,Ci), iv",Z2,C2)} G ZI Xw Z2 

to (r(Ci),C2, {v',v")). Since t(zi) = Z2, r(Ci)nC2 7^ and vice versa if Ci nC2 ^ 0, 
then there are zi G t~^(Ci) and 22 £ (^2 such that r(2;i) = Z2- Hence the image of H 
is exactly 

U r(A;i,Ai,e)xM, 

veU{xU2 

where U{ is the translation of Ui under r acting diagonally on . Therefore 

dim [J r(/ci,Ai,t;)x{t;}<A; + dimW + /idimi?-(/-F2)- J]](codimS'i-l), 
veU[xU2 ieA 
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by (2.8). However, since LlT-eH°U{xU2 is dense in H'^, there is an open subset U C 
such that for any v eU, 

dinir(A;i, Ai,i;) < k + dimW - {I + 2) - ^{codim Si - 1) 

as desired. This completes the proof of the lemma. □ 

In applying Lemma 2.8 to prove Proposition 2.6, we will consider the case W = HxX 
and the set that consists of curves C that are reduced, connected and are unions of 
exactly / rational curves such that 

deg(p^OE(l),C) = 1 and deg{p*x{-Kx),C) = k. 

Proof of Proposition 2.6. We first introduce more sets. Let < fci < fc, /i > 1 be 
integers and Ai C A be any subset, where A = {1, , • • • , m} this time. For cr G G" and 
e G G™, we define T^^icr, e, Ai) C T^^ to be the subset of curves C G T^^ such that 

(2.9) C n {{xi} X y."^-) / VI < i < m and C n (Si X Z'/) 7^ Vj G Ai. 

We let k2 = k — ki and A2 = A - Ai. For any I2 > 1, we define 7^'^ (cr, e, A2) C 
T^^ (a, e, A2) to be the subset of curves C G T^^ such that C satisfy (2.9) with {xi}xY^^' 
(resp. TT-i, resp. Ai) replaced by {yi}xY^^_^1^" (resp. resp. A2). Similar to the proof 
of Lemma 2.7, we consider 

r(/ci,Zi,Z2,a,e,Ai) CT^\^(c7,e,Ai) x TlHa^e.K^) 

that is the set of pairs (Ci, C2) such that Ci fl 6*2 7^ 0, where C ZqxX is the image 
of Cj C S X X under SxX = SjXX C ZqxX. (Here we fix an isomorphism S = Sj 
once and for all.) We let 

T{ki,li,l2,a,e,Ki f C T{ki,li,l2,(J,e, Ki) 

be the subset consisting of pairs (Ci, C2) such that Ci and C2 have no common com- 
ponents. Because of (2.3), every element C G 7?.^((T, e) splits into two connected curves 
Ci C Si xX and C2 C E2 xX whose number of components add up to I. Thus the 
map H that sends (Ci, C2) to Ci U C2 satisfies 

U H(r(/ci,/i,Z2,a,e,Ai)°) =7^U^,e). 

/i+;2=/, o<fci<fc 
AiCA 
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Therefore, to prove the lemma it suffices to show that for general {x,y,a,e) G E"^ x 

n m 

(2.10) dim.T{ki,h,l2,<J,e,Ai) <k + d + m-{l-2) - ^codimyj - ^codimZj-. 

i=i j=i 

The proof of this inequality is again based on Lemma 2.3 as we did in the proof of 
Lemma 2.8. First, by Lemma 2.3, there is a non-empty open subset U C x x 
Qn ^ Qm g^gj^ ^Yia,t for any {x, y, a, e) G U, 

ni 

dim 7^^^' (cr, e, Ai) <ki +d+l - h codimFj - ^ (codimZ,- - l) 

i=l jGAi 

dim T^'^^ (cr, e, A2) </u2 + d+ l-/2-X] codimF„^+j - ^ (codim - l) . 

i=l jeA.2 

(Note that element in have degree 2 + k according to the convention in Lemma 2.8.) 
Now, let Zi and Z2 be the sets defined as 

^1 = { (^1 , Ci ) I Ci G Tj^n^^, e, Ai ) , ^1 G Ci n {xo } X X } , 

Z2 = {{Z2,C2) IC2 gT^^ (a, e,A2), ^2 G C2 n {yo} xX}, 

and /j, i = 1, 2, be maps from to X sending {zi,Ci) to Zi. fi and /2 are morphisms 
after we endow Z^ and Z2 with the reduced scheme structures. Note that the map 

Z1XZ2 T{k-i,li,l2,cr,e,Ai) 

sending {{zi,Ci), (2:2, ^^2)} to (Ci,C2) is surjective. Thus to establish (2.10) it suffices 
to show 

n m 

(2.11) dim^i Xx Z2 < k + d + m - {I - 2) - ^codimFj - ^codimZj. 

i=i j=i 

We will prove this by using Lemma 2.3. 

Since S is homogeneous, possibly after shrinking U if necessary, we can assume 

dimZi = dim 7^^^^ (cr, e, Ai) and dim 2^2 = dim 7^^^ (cr, e, A2). 

However, since X is homogeneous there is a non-empty open setUo QU xG such that 
for any {x,y,a,e,T) G C/q, 

dim .2^ Xx Z2 < dim^i -|- dim22 — dimX, 
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by Lemma 2.3. Put them together, we get 



(2.12) dimZ[ Xx ^2 < k + d + m - {I - 2) codimyj - ^ codimZj, 

i=i j=i 

since h + h = I- We now show (2.12) leads to (2.10). The argument is a repetition of 
that of Lemma 2.4 by exploiting the homogeneity of X. One can show that x 
is canonically isomorphic to Z[x xZ^., where Z[ is defined as that of Zi with 

(2.13) Oi replaced by r • 0"^ for 1 < i < ni and replaced by r • for j G Ai. 

Since (2.12) hold for ah (x, y, a, e, r) G t/o, (2.11) wih hold for (x, y, a', e') G S"^ xS^^ x 
G^xG"*, where a' and e' are derived from (x,y,a,e,T) by the rule (2.13). However, 
all such {x, y, a', e') still form a dense open subset of S"^ x x G" x C". Therefore, 
(2.11) holds for general {x,y,a',e') and the proposition follows. □ 

3. Composition law 

The composition law for runs as follows: Suppose the Poincare dual of the 
diagonal A C X x X admits a Kunneth decomposition 

(3.1) [Ar = ^OxO 

1=1 

then for any partition n = ni + n2 with ni, n2 > 2, 

<?b(Q!1, ■ ■ • ,Q!n \ Pi,-- - ,Pm) 

Yl k\{m-k)\ ■'^B^iCuai,--- ,an, \ Pr{i),--- ,/3r(fc)) 

B=Bi+B2,TeS{m) 
0<k<m, l<l<p 

(3.2) X Q^ni+l, • • • , Q!n I Prik+l), - - , Prim)^ ■ 

The first mathematical proof of this formula for smooth Fano manifolds is due to [RT] , 
where they proved this relation (for all 5 > 0) by using analytic method. The algebraic 
approach for rational surfaces and Grassmannian appeared recently in [CM, Be]. In 
this section, we will prove the relation (3.2) (for g = 0) for all homogeneous varieties 
over K by degeneration methods in algebraic geometry. (Note that by work of [FMS^] , 
the Kunneth decomposition always exists for the varieties considered in Theorem 0.2.) 

We keep the notation developed in the previous sections. Namely, X = G/P is a 
dimension d smooth homogeneous variety over K for a linear algebraic group G and 
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a closed subgroup P Q G. Let Yi, • • • ,¥„, and Zi, - ■ ■ , Zm be subvarieties of X and 
cti, - ■ ■ , On and • • • , (3m € be the Poincare duals of the cycles represented by 

these subvarieties. We denote eo G A^Il the poincare dual to a point in S. We agree 
that by a subvariety y C X in general position we mean Y" is a general member among 
all translations {V \ a e G}. Let B e AiX/~aig- 

We first introduce the degeneration of the Hilbert scheme Wb ■ Let F be a rational 
curve as a parameter space and let G V be fixed. We form a family of curves Z over 
V by blowing up a point in T,xV lying over £ V. Let tt: Z ^ V he the projection 
and let Zy = 7r~^(v) be the fiber over v G V. Zy is isomorphic to S for f 7^ and 
Zq is a union of two rational curves, which we denote by Si and S2. Let xq G Si 
(resp. yo € S2) be the point corresponding to the singular point in Zq. We also fix a 
projection /ii : Z — > S that is the result of blowing down Z along S2 and then project 
to S. We fix an /i2 : -Z — >^ S similarly by blowing down Si first. We now define a 
relative functor 

: {category of schemes/1^} — >{Sets}/ ~ 

that sends any scheme T over V to the set of all subschemes S C TxyZxX fiat over 
T of which the following holds: For any closed i G T over v gV, 

(3.3) \px{St)] G B, x{Os,) = 1, deg{hlO^{l),St) = deg(^^0s(l), S*) = 1. 

f is represented by the Hilbert scheme Hb, projective over V. Since Z ^ V is a 
constant family over V — 0, for v ^ the fiber oi Hb over v is isomorphic to Hb- We 
let Wb ^Hb he the closure of Wb x {V — 0) CTCb- VVb is projective and fiat over V. 

In the following, we will define the relative analogue of (1.5). Let Cb ^ ZxX x Wb 
be the (restriction of the) universal family and let C^'^"^ be the product of n + m copies 
of Cb over Wb- As before, we let iTiz and iTix be projections from C^"*"™ to Z and 
X respectively that factor through the i-th copy of C^'^ . After choosing a partition 
n = rii+n^ with ni, n2 > 2, we can define a morphism 

pnr.n2\m . (^n+m ^ (S X X) X (S X X) X X'" 

that is the product 

n in 
(/ll 7riz)X7rixj X ^ ]J (/i2 O TT^z) XTTixj x (^JJ 7r„+jx) • 
i=l j=ni+l J=l 

We let 

n m 

(3.4) A*X xJ\A*X — ^ A* (S X X) X (S X X)"^^ X X'") 
1=1 j=i 
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be the inclusion sending (ai, • • • , a^i; /3i, • • • , Prn) to 

Til n m 

(3.5) (neoxai)x( [] eo x a^) x G ^* ((S xX)"^ x (S xX)"^ xX^) . 

i = l i=ni + l J = l 

(eo is the Poincarc dual of a point.) The composition of (p^i^^alm^* -^i^j^ ^;];^g inclusion 
(3.4) defines a liomomorpliism 



-ni :n2 
B 



that is the relative version of in (1.5). By definition of cohomology theory, 
paired with the fundamental class ^2+""] e A^C^^"", where C^+J" is the fiber of 
over V eV, defines a homomorphism 



n+m 
B 



Yl A*X X Yl A*X — > AX 

i=i j=i 

that composed with the degree homomorphism 
gives rise to the relative version of (1.7): 

n m 

• n ^ n — ' ^• 

In explicit form, 

,«n - ,/?„) =deg(!^5^^"^(ai,--- ,a„ - ,/3„)[C2 

On the other hand, since C^"*""* is constant over y — 0, 

#B(ai,--- ,a„ I - ,^,„) =deg(^!J'B(ai,-- - ,a„ | - ,^m)[C 

= deg(!^^^^-=^(ai,--- ,a„ | , /3m)[CS+r]) 

for G y-0. However, = [C^^^] in y4,C^+™ by our choice of V (it is rational) 

and the flatness of over V. Hence 

(3.6) ^B(ai,--- ,a„ - , /3„) = deg(<^^^^"^(ai, • • • ,a„ - , /3,n)[CS+o"]) j^^- 
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[0] 



[0] 



Therefore in order to establish the composition law, we only need to show that the 
right hand side of (3.2) is identical to 

(3.7) deg(l^^^^"=^(ai,--- ,/3™)[C^+on) ^^j- 
We remark that we only need to consider the case when 

n m 

(3.8) ^ codim Yi + ^ codim Zj = p{B) + m, 
i=i i=i 

since otherwise both sides of (3.2) vanish automatically for dimension reason. In the 
following, we will assume without further mentioning that the identity (3.8) always 
hold. 

We now construct explicitly the cycle in (3.7) using Poincare duality, similar to that 
in the proof of theorem 1.2. We choose zi, - ■ ■ ,Zn&^ and consider the subvariety 

ni n m 

(n^^Jx^.) X ( n {^.IxFi) X C (ExX)"^x(SxX)"^xX™. 

i=l i=ni+l J=l 

Note that Y represents the Poincare dual of (3.5). By our assumption on (3.8), the 
codimension of Y is one less than the dimension of C^"'"'". In a moment, we will show 
that when Zi^s, l^'s and Zj^s are in general positions, then the subscheme 

is one-dimensional and is flat and Cohen-Macaulay over V at & V. Hence (3.7) will 
be the same as the length of 

(3.9) hrr\z.,Y,Z.) = (P--l-)-^(y) 

since it is 0-dimensional and Cohen-Macaulay [Fu, Proposition 7.1 and Corollary 17.4]. 
A moment of thought tells us that points in (3.9) are curves S C ZqxX whose two 
irreducible components as pairs of curves lie in C^^ X C^^ for some Bi + B2 = B (see 
Corollary 2.7). It is the understanding of this correspondence that will lead to the 
proof of the composition law. 

We first relate the summands in the right hand side of (3.2) to the lengths of sub- 
schemes in X . To this end, we introduce some convention that will be used in 
the remainder of this section. Let B = B^ + B2, n = ni + n2 {ni,n2 > 2 as always) 
and m = mi + m2 (mi ,m2 > 0) be partitions that will be fixed momentarily. For 
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convenience, wc will think of Cb-^ as a universal family in Ti-ixXxWb^ (namely points 
in are pointed curves in Si x X) and 



a product of (1 + ni + mi) copies of Cb^ indexed by z = (corresponding to the first 
copy of Cbi) and i = 1, ■ • • , ni +mi (corresponding to ni +mi copies in C]^^^"*""*^). We 
adopt the same convention to (7^+"2+m2_ u^^^^^gj. ^j^jg convention, we have the obvious 
projections 

P^E, : C^+"^+-^ El and : C^+"^+-^ X 
indexed from to ni + mi (that factor through the i-th copy of and 

: C^+"^+-^ S2 and q^x : C^+"^+™^ ^ X 

alike indexed from to 71-2 + m2. Let zi, • • • , G S be points away from hi{Yi2) and 
/i2(Si), let Xi = h'^^{zi) € Si for i < ni and let j/j = /i^^(zrii+j) ^ ^2 for i < n2- 
Similar to (1.3), we introduce projection 

(3.10) pni\m, . (jl^n.+mi , (S^ x X) X X'"*, i = l,2 

that factor through Cb, x C^!"^""' ^ ^nd subvarieties 

ni mi 

0iw= (n{^^}><^0 X (n^ro)) c (sixx)"^xx-% 

i=l i=l 

02(t) = (n{yi}xF„,+,) X (n^r(m,+,)) ^ (S2 X X) X 

i=l J=l 

that depend on the choice of r S S{m), a permutation of m letters. The subscheme we 
will work with is the intersection scheme 

(3.11) Pq-i ({xo, yo} X a) Pi ((p-il-i) -1 (ei(r)) x (p-=^l™=^) {e^ir))) , 
where 

Po : C^+^i+'^i X (7^+"^+'"^ — . (S1XS2) X {XxX) 

is defined as Pq = (posn^osa) x (pox,9ox). In the following, for Vi G (PGL(2)xG)"''x 
G"^*, we will denote by 0j(r)'^» the translation of 0j(T) by 
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Proposition 3.1. Let the notation be as before and r G S{m). Then for general 

(3.12) ivuV2) G ((PGL(2)xG)'''xG™^)x((PGL(2)xG)''"xG™^) 
the scheme 

(3.13) Po-i({xo,yo}xA)fl((p-^l-^)-'(ei(r)^0 x (P'^^l'"^)"'(e2(T)"^)) 

is discrete, Cohen-Macaulay and is contained in the fibers over W^^ x W^^ whose length 
is exactly 

p 

^^Bi (0) ai! • • • ! I /?t(i), • ■ • ,/?T(mi)) 
/=i 

• ^B2(C/)Q;„i+i, • • • ,«„ I Primi + l), ■ ■ ■ ,PT{n)) 

Proof We recall that by (3.8), 

dimC^+"^+"'^ X C^+"2+m2 ^ codimei(r) + codime2(r) +codim{a;o,2/o}xA. 

Also, C^+^i+^'i X C^+"2+m2 ig smooth over x and (S^ x X)"* x X™* and 
(Si X S2) X (X X X) are homogeneous under (PGL(2) x x G""* and PGL{2f x 
respectively. Hence for general (fi, 1^2, ((^1, (^2), (71, 72)) in 

((PGL(2) X G)"' X G'"^) x ((PGL(2) x G)"' x G™=^) x PGL{2f x G^ 

the scheme 

(3.14) Po-i({4\y^^}xA(Ti''^^))f|((P"^l"^^)-'(ei(r)"^)x(P"^l-^)-'(e2(T)^^)) 

is discrete, Cohen-Macaulay and is contained in the fibers over W^^ x W^^ , by Lemma 
2.3. To prove the first part of the proposition, we need to show that we can achieve 
the same goal by only choosing {vi^v^) general while letting 5i, 5^, 71 and 72 be the 
identity elements of the respective groups. Indeed, since S x X is a PGL(2)xG- variety, 
Cb admits a canonical PGL{2)xG action that makes {p-i:,px) '■ Cb —>■ SxX equivariant. 
Hence 

(;'osi,Pox) X P"^l-- G^+'^^+"^^ ^ (SixX)x(SixX)"^xX-i 

is PGL{2)xG equivariant with PGL{2) and G acting on both sides diagonally. Let /xi 
be the transformation on (EixX)"^ xX^^ that is induced by ((5i, 71) acting diagonally 
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on it. We let 112 be the transformation on (S2xX)"'^ xX™^ defined similarly based on 
((^2, 72)- Then the scheme 

^'o"' ({^0, yo} X a) fl ((p-ii-i) (e^(^)Mr^-i) x (p-^i™.)-! [q^^^tY^' --)^ 

is canonically isomorphic to (3.14). Finally, when (i;i,i'2, (<5i,<52), (71,72)) is a general 
element, 

is a general element in (3.12) as well. This proves the first part of the proposition. 

Now we assume (i^i, 1^2) is already a general element in (3.12). Since the intersection 
scheme (3.13) is discrete and Cohen-Macaulay, by [Fu, Proposition 7.1], its length 
coincides with the degree of 

((P"^l™0*([ei(r)]^) X (P"^l™^)*(02(r)]^)) 

(3.15) U(^o)*([{xo,yo}]^x[A]^) 
However, 

(Po)*([{xo,yo}]^x[A]^) = X^(p^s,eo x q^^^eo) U (p^^O x goxO), 

because of the Kunneth decomposition (3.1). Therefore (3.15) (as 0-cycle) is identical 
to 

X:((P"^l™0*([ei(r)]^) Ufeeo UpSxO)) 

X ((P-l"^O*([02(r)]^)*UfeeoU5^^O)) 
Finally, we obviously have the identity 

deg ^((p-il-i)*([ei(r)]^) Ufeeo UpS^O)) 

= ^(0,"l> ■ • • ,ani I /3t(1), • • • ,/3T(mi))- 

Thus, the degree of (3.15) is exactly the formula given in the proposition as desired. 
This completes the proof of the proposition. □ 
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In the following, we will denote the scheme in (3.11) by 

lilt B{Bi,ni, nil, t} 

that depends implicitly on the choice of 

zi,--- ,Zn G S andFi,--- , Z„ QX, 

which are assumed to be in general position in the sense of the Corollary 2.7 and 
Proposition 3.1. The main goal in the remainder of this section is to construct an 
isomorphism 

F-.lnts {z.,Y.,Z.}^ JJ IntB(Si,ni,mi,r), 

B\+B2=B , 7Tii+m2=m 

where S{mi,m) C S{m) is the subset consisting of those r G S{m) such that 

r(l) < • • • < r(mi) and r(mi + 1) < • • • T(m). 

Note that the source and the target schemes of F are 0-schemes whose lengths are 
given by the left and the right hand sides of (3.2) respectively. Hence the composition 
law (3.2) follows if we can construct and confirm the isomorphism of such an F. 

We first explain how F is defined as a map between sets. Let 

' — ^ ni :n2 

)GlntB {z.,Y.,Z.} 

be any point. By Corollary 2.7, S has exactly two irreducible components. Thus the 
morphism ipzo : S ^ Zq must be an isomorphism. We identify S with = Si U S2 
by this isomorphism and let /i : — > X be the morphism induced by inclusion Sj C 
S C Zo X X and the projection Zq x X ^ X. Let Bi = [/i(Sj)] G AiX/~aig. So 

/i eMor(S,,5^)• 
We recall that 

{hiopz)~^izi) n Zo and {h20 pz)~^izi) n Zq 

are closed points in Zq away from its singular point. Hence ,s,; lies in Si for 1 < i < ni 
because it lies in {hio pz)~^{zi). For similar reason, Si lies in S2 for wi + 1 < i < n. 
As to Si with i > n, we know that each of them is contained in the smooth locus of S 
and is contained in one and only one Zq x Zj among 1 < j < m, by (3) of Corollary 
2.7. Hence we can find unique mi > and r G S{mi,m) such that 

(3.16) Sn+r{j) G Si for 1 < i < mi and Sn+r(m^+j) G S2 for 1 < j < m2. 
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With these convention agreed, we assign 

Xi = Si, i = 1,- ■ ■ ,ni and x^^+j = Sr(j), j = 1, ■ ■ ■ 

(3.17) 

yi = s„^+i, i = l,--- ,n2 and y„2+j = j = 1, • • • ,m2. 

Then /i : Si — > X is a morphism sending Xi to Yi for i < rii and sending x^+j to -^rO) 
for j <mi. Similarly, f2:T.2 ^ X sends to y„,+i and y„2+j to Finally, if 

we let xq G Si and yo £ "^2 be as before (the singular point of Zq), then certainly 

/i(«o) = /2(yo)- 
Hence the graph F/^ C Si x X with tuple 

{{xqJi{xq)),--- , (x„,+„i, /i(a;„,+„J} 

is a point in and the graph Tf^ with tuple {{Vi, fiiUi))} is a point in 

Cfit"'^'"'- This pair of points assigns a point in C^+^^+^^i x 0]^+^'+'"^ that lies 
in 

IntB(5i,ni,mi,r), 

by straight forward inspection. We denote this assignment by F, which for the moment 
is a map between sets : 

(3.18) Flinty {z.X.Z.}^ \\ IntB(Si,ni,mi,r). 

Bi+B2=B, mi+m2=m, 
T^S(m\ ,m) 

Proposition 3.2. Let the notation be as before. Suppose zi, - ■ ■ ,Zn & and Yi, - ■ ■ ,Yn,Zi, - ■ ■ , Z^ C| 
X are in general positions as in Corollary 2.7 and Proposition 3.1, then 

(1) the map F is one-tO'Dne; 

(2) The map F can be extended to a morphism F of the respective schemes; 

(3) F is a local isomorphism at w £ Int^ {z.,Y.,Z.} if tx-.TIb Z is smooth at 
w G Hb, where w G Hb lies under w. 

Proof. (1) follows from the uniqueness of mi and r G S{mi,m) which follows 
from Corollary 2.7. We now show that F can be extended to a morphism. Since 

— niini 

Intg {z.,Y.,Z.} is zero-dimensional, it suffices to construct a morphism 
Fa : Spec ^ — > Y[ Ints (5i , m , mi , r) 

Bi+B2=B, mi+m2=m, 
TGS'(mi ,m) 
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for any 



-~— ni :n2 

(3.19) SpecACInts 

so that Fa commutes with the base change, where A is any local Artinian ring of 
residue field K. Let {Sa, sa,1i • ■ , SA,n+m) be a fiat family over Spec A induced by the 
inclusion (3.19), where 

(3.20) Sa<^ZoxX X Spec A 

and sa,i,--- ,SA,n+m sections of Sa Spec^. (By abuse of notation, wc will 
also view SA,i as a subscheme of Sa that is isomorphic to Spec^ under the projection 
Sa Spec^.) (3.20) induces a morphism 

^Zo{A):Sa^ ZoxSpecA 

after composing with projection to Zq xSpecj4. We first claim that ^Zoi^) is an 
isomorphism. Indeed, let 

(3.21) f.cPzMrOzo X Spec A 

be the induced homomorphism. Let Sq C Sa be the scheme with reduced scheme struc- 
ture. By Corollary 2.7, Sq has exactly two irreducible components, hence isomorphic 
to Zq via Lpzo '■ So ^ Zq (since xi^So) — xi^Zo))- On the other hand, since sheaves 
in (3.21) are fiat over A, (3.21) restricts to a homomorphism (p*^ Oz„ Cs,, that is 
an isomorphism since Zq = Sq. Hence l is injective because both sheaves are fiat over 
A. Further, because x(C's^) = x(C'zoxSpec a), niust be an isomorphism. This proves 
that ^Zo (^) is an isomorphism. Next after identifying Sa with Zq x Spec A by ^Zq (^) , 
we obtain an immersion 

fA'-ZoX Spec A<^ ZqxXx Spec A 
that provides us a pair of immersions 

: Sj xSpec^l — ^ S j x X x Spec yl, i = l,2 
because Zq is a union of Si and S2. Let 

CA,i Q SjxXxSpecA 

be the image of fA,i- To proceed, we need to assign sections of CA,i Spec^ based 
on SA,i- Let toi > and r G S{m-\_,m) be the pair associated to 

{sa, Sa,1, ■■■ , SA,n+m) O SpeC^C 
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given at (3.16) and let 

XA,i,yA,j ■ Spec^ C Sa, 1 < i < ni + mi, 1 < j < 77-2 + m2 

be immersions derived by renaming {sA.i}i~^"^ witli rule specified in (3.17). Follow- 
ing this assignment, images of xa/s are contained in Ca,i and images of i/aj^s are 
contained in Ca,2- Finally, we let xa,o G Ca,o be the image /^_i(xo x Spec^) and let 
yA,o C Ca,2 be the image 7^,2(^0 x Spec ^). Then 

{Ca,1, Xa,0, • ' ' TXA,ni+mi) 

defines a morphism 

Fa,1 : SpeC^ ^ ^^l+n.+m^ 

by the universality of the Hilbert scheme Hb^ 2 Wb^ ■ Similarly, we obtain a morphism 

F^,2:Spec^^C^t"'+'"^ 

by using Ca^2 and uaj^s. Here Bi and B2 are cycles in AiX defined before based on 
two irreducible components oi Sq C ZqxX (before (3.16)). Hence we obtain 

(3.22) Fa = Fa,i Xa Fa,2 : SpecA cl+n,+m, ^ ^i+n,+m,_ 

Because Fa commutes with base change, which is apparent from the construction, 
(3.22) defines a morphism 



F : Int^ {z.,Y.,Z.} c^+^i+^i x c^+-2+m._ 

ni :n2 

We now show that the image lies in Int^ {z.,Y., Z.}. From the construction we 
see that (Im stands for image): 

(px{lToa{xA,i}) C Yi and ips^{lm.{xA,i}) Q {zi}, for 1 < i < m; 
ipx{lToa{xA,ni+j}) C Z^Q), for 1 < i < mi. 

(px{lm{yA,i}) C Yn^+i and (/^Sa (Wy^.i}) C {zn^+i}, for 1 < i < n2; 
ipx{lia{yA,„^+j}) C for 1 < j < m2. 

Also, it is straight forward to check that the image of the subscheme 

xa,o Xa yA,o C Ca,i xaCa,2 

under the projection 

Ca,i xaCa,2 ^ C^+^i+'^i X C'^+"2+'"^ (S1XS2) X (XxX) — >XxX 
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is contained in A. Therefore, the morphism F factor through 



l+n2+m2 



T^S{mi ,m) 

which is an extension of F in (3.18). We denote this extension by F. 

It remains to show that F is a local isomorphism over where tt is smooth. Let 

ni :n2 ^ ^ 

w G Int^ {z.,Y.,Z.} 
be a smooth point of tt and let U be the component of 

(3.23) Yl IntB(5i,ni,mi,r) 

Bi+B2=B, mi+m2=m, 
TGS(mi,m) 

containing F{w). (Note (3.23) is a 0-dimensional scheme.) Thus to show that F is a 
local isomorphism near w it suffices to construct a morphism 

n-\ ni2 

H:U — >lntB {z.,Y.,Z.} 

such that H o F and F o H are identity morphisms on the components containing w 
and F{w) respectively. Let U = Spec^ and let 

(3.24) {Ca ) X {Ca,2 5 yA,0) ■ ■ ■ ) 2/A,n2+m2) 
be the family over Spec A corresponding to 

Specie IntB(Si,ni,mi,r). 

Bi+B2=B , mi+m2=:m, 
T£S(mi ,m) 

By Proposition 3.1, Ca,i and Ca,2 are irreducible and then 

Ca,i = Si X Spec A and Ca,2 = S2 x Spec A 

via projections. Let S*^ be the scheme resulting from gluing Ca,i and Ca,2 along 
xa,o ^ Ca,i and y^^o Q Ca,2- Clearly, between sets we have a one-to-one map 

(3.25) /-.Sa — ^.^oxXxSpec^ 
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that is induced by the closed immersion 

/i : Ca,i — > SixXxSpecA, /a : Ca,2 — ^ SaxXxSpec^. 

To show that (3.25) actually comes from a closed immersion (flat over Spec^l), we flrst 
need to define a homomorphism 

(3.26) /*CzoxXxSpecA >■ ^Sa- 

Recall that Osa is defined by the exact sequence 

O^Osa^ Oca,i © Oca,. -^A^O 

as Os^-modules (by viewing Ca,i,Ca,2 Q Sa and identifying A = O^^^^ and A = 
Oy^ o) and OzoxXxSpecA belongs to the exact sequence 

> OzoXXxSpecA ^ O-s^xXxSpecA © ^SaXXxSpecA ^ ^XxSpecA > 0. 

Hence to find (3.26) we only need to show that the composition 

f*OzoxXxSpecA > /rC'SixXxSpecA © /aC'saXXxSpecA Oca.i ® ^Ca,2 

is trivial, which is true because of the condition 

IntB(Bi,ni,mi,r) C P^'^{{xo,yo} x A). 

Therefore, we obtain the homomorphism (3.26). This homomorphism is surjective 
because 

/rCsixXxSpecA >■ C>Ca,i ^^'^ /I ^SaXXxSpec A * Oca,2 

are surjective and henceforth induce a morphism 

(3.27) 5: Spec A — ^ 7^b,o- 

We claim that g factor through Wb,o- Indeed, by our construction of F and g, w = 

g{SpecK) e TYb^q is under w G C^^™ via the projection C^^"" Wb,o- Hence w 
is contained in Wb,o- However, tt) is a smooth point of n -.Hb ^ by assumption. 
Therefore g must factor through Wb,o ^ T^Bfi because a neighborhood of ^(SpeciC) G 
Hb,o is contained in >Vb,o- 

Now we construct H. Let r € S{mi,m) be the permutation associated to w specified 
in (3.16) and let 

SA,i '■ Spec A — > Sai i = 1, ■ ■ ■ , n + m 
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be sections derived from {xA,i}"'^^"^^ and t)y the rule (3.17). Since g 

factor through Wb,o QTi-Bfi, the tuple {Sa, • " " > SA,n+m) defines a morphism 

that factor through (p"i:'*2|m^- (-y^^ 

our choice of 5"^ j's. This gives H. 

Prom the construction of F and H, it is straight forward to check that F o H and 
H o F are identities on the respective components. This completes the proof of the 
proposition. □ 

With all these prepared, the proof of the our main theorem is a matter of formality. 

Proof of Theorem 0.2. We need to show that for any B G A-^X/ ~aig and n = ni + n2 
with ni,n2 > 2, 

<?b(q;1, • • • I /?!, • • • ,Pm) 

Yl k\{m-ky. ■^B.i^ChCxi,--- ,an, \ /3r(i)r-- ,/3r(fc)) 

B=Bi+B2,TeS{m) 
l<k<m, l<l<p 

(3.28) 

We first remark that since is a group homomorphism, it suffices to consider the 
classes , • • • , (3rn £ A*X that are Poincare dual to subvarieties Yi, • • • ,Yn, 

Zi, - ■ ■ , C X. Also, by dimension reason, (3.28) is non-trivial only when 

n m 

codim Yi + codim = p{B) + m, 

i=i j=i 

which we will assume in the remainder of the proof. 

By using the degeneration Wb and the corresponding family Cb, we can express the 
value 

^B(ai,-- - ,a„ I /3i,--- ,/?„,) 
as the degree of the zero cycle (see (3.7)) 

<^^^^"^(ai, I A, ■••,/?„) 

We choose • • ■ , 2;„ G S and , 1^, Zi, • • • , C X in general position (among 

their translations by the respective groups) as specified in Corollary 2.7 and Proposition 
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3.1 and let Y be the subvariety defined before (before (3.9)). Following Proposition 3.1 
and 3.2, we know that points in 

(3.29) (P"^^"^I'")"^(F) nC^+o"" 
are represented by 

such that S C ZqxX have exactly two irreducible components and all G 5 are 
contained in the smooth locus of S. Hence C^"*"™ is smooth near (3.29), by Lemma 2.5 
and [Ko, §1.2]. Therefore, by Lemma 2.3, 

(3.30) (^pm:n2\my^ 

is one-dimensional, Cohcn-Macaulay (smooth when chari^ = 0) 

making Zi E and Yi ,Zj Q X in general position if necessary. Finally, we conclude 

that (3.30) is flat over V near G V because the map 

Bi+B2=B , mi+m2=m, 
T^S{mi ,m) 

is one-one and the target is 0-dimensional (see Proposition 3.2). This shows that the 
intersection scheme 

is 0-dimension and Cohen-Macaulay and by [Fu, Proposition 7.1 and Corollary 17.4] 
and (3.6), 

^b(«i,--- ,an |/3i,--- ,/3^)=deg(lP-^^^"^ («!,••• ,a„ ,/3„x)[C^+o'"]) 

lute' {z.,Y.,Z.}\. 

Next, we turn our attention to the morphism 

— ni:n2 ^ ^ tt / \ 

F:IntB {z.,Y.,Z.}^ Jj Ints (Si, m, mi, r) . 

T^S{m\ ,m) 

We first show that F is an isomorphism. By Proposition 3.2 it suffices to show that F 
is surjective and the condition in (3) of Proposition 3.2 holds everywhere. Let 

{{Cl,Xo, ■ ■ ■ , a;„^+mi), ((^2, 2/O5 ■ ■ ■ )2/n2+m2)} 
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be any point in IntB(i?i,ni,mi,r). By Corollary 2.7, both Ci and C2 are irreducible. 
As we did in the proof of Proposition 3.2, we get a curve S ZqxX that is the union 
of the image of Ci and C2 in Zq xX. We also obtain ordered points si, • • • , Sn+m £ >S' 
that is the result of renaming xi, - ■ ■ , Xm+mi and yi, • ■ ■ , y„2+Tn2 according to the rule 
(3.17) that depends on r G 5'(mi,m). From the construction, it is clear that the tuple 

ni:n2 

(S*, Si,-- - ,Sn+m) represents a point in Int^ {z.,Y.,Z.} when the point w G TIb.q 
associated to S is in Wb,o- The reason w does belong to Wb,o is as follows: By 
(1) of Lemma 2.5, Hb is smooth at w. Also by (2) of Lemma 2.5, tt : Hb — > V is 
smooth at w. Let U be the component of TCb containing w. Then general points of U 
must be irreducible curves in T,xX, since S has exactly two irreducible components. 
Therefore, U is contained in the closure of x(y — 0). This proves that w G yVB,o 

' — - Til •.n-2 

and consequently, (5, si, • • • , Sn+m) represents a point w G Int^ {z., Y!, Z.}. By our 
construction, we certainly have F{w) = w. Hence F is surjective. This argument 
also shows that vr : Hb — > is smooth at all w G Int^ {z.,Y.,Z.}. Therefore by 
Proposition 3.2, F is an isomorphism. Combined with (3.31), we have 



<?b(q!1,-- - ,«„ \ Pi,-- - ,Pm) 

^ length ^Inte (Si, ni, mi, r)^ 



B=Bi+B2 
0<k<m, TeS{k,m) 



^Bi (^0) «l! • • • I /?T(l)r-- !/5r(fc)) 



B=Bi+B2,0<fe<rn 
l<l<V,TeS{k,m.) 

■ ^B2 (O) Q^m+l ■ ■ ■ ttn I /?T(fc+l)> ■ • • 5 /^rCm)) 

5Z fc!(m^-A:)! ^^^ '""^ l/^^a)'"' '^^^w) 

B=Bi+B2,0<fc<m 
l</<P,-reS'(m) 

• ^B2 (O) Q^ni+l • • ■ Q!n | Prik+l)^ ' " " 5 /^rCm)) • 

Here the second identity follows from Proposition 3.1 and the last identity follows 
from the symmetry of ^^(ai, - - - , a„ | - • • , f3rn) among ojj's and among /?j's. This 
completes the proof of the composition law. □ 
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